An uncertain monthly reservoirs operation and multicrop deficit irrigation model was proposed under conjunctive use of underground and surface water for water resources optimization management. The objective is to maximize the total crop yield of the entire irrigation districts. Meanwhile, ecological water remained for the downstream demand. Because of the shortage of water resources, the monthly crop water production function was adopted for multiperiod deficit irrigation management. The model reflects the characteristics of water resources repetitive transformation in typical inland rivers irrigation system. The model was used as an example for water resources optimization management in Shiyang River Basin, China. Uncertainties in reservoir management shown as fuzzy probability were treated through chance-constraint parameter for decision makers. Necessity of dominance (ND) was used to analyse the advantages of the method. The optimization results including reservoirs real-time operation policy, deficit irrigation management, and the available water resource allocation could be used to provide decision support for local irrigation management. Besides, the strategies obtained could help with the risk analysis of reservoirs operation stochastically.
Introduction
Shortage of water resources is a critical constraint for agricultural production in arid and semiarid regions. Because of the changing environment, agricultural water supply is facing the unpredictable challenge. Ashofteh et al. estimated that water demand volume in the future (2026-2039) would increase 16%, while the average long-term annual volume of runoff would decrease 0.7% [1] . To meet the challenge, reservoirs operation (RO) is important and particularly difficult [2] .
Reservoirs operation plays an important role for arid and semiarid areas, especially, when the competition between agricultural and ecological water demand is intense. Agricultural water is critical for food productivity, while ecological water is important to regional sustainable development. Reservoirs operation problems concerned with maximization of irrigation benefits have been emphasized by many researchers since the 1970s [3] . Typical reservoirs operation method was dynamic programming [3] [4] [5] . Vedula and Mujumdar [6] integrated the reservoir release and irrigation allocation by using dynamic programming, but they took rainfall and potential evapotranspiration as deterministic inputs. Furthermore, Vedula and Kumar [7] overcome the shortcomings considering the rainfall and inflow as stochastic parameters.
But when the irrigation water is limited to ecological water, the situation is more complicated. Unfortunately, the previous studies mainly focused on irrigation water management. Mujumdar and Ramesh [8] developed a real-time dynamic programming model for optimal crops water allocation and reservoir release, but the framework of the model is deterministic. Moradi-Jalal et al. [2] considered annual crops irrigation water for monthly reservoirs operation and optimal crop pattern. But their research did not consider the relationship between water and crops.
Optimal water allocation for irrigation district is an important issue which has received considerable attention in previous researches. Evers et al. [9] integrated hydrologic model (PRMS) and crop growth simulation model (EPIC) 2 Journal of Applied Mathematics for reservoir management options. Dos Santos Teixeira [5] developed a forward dynamic programming (FDP) model for real-time reservoirs operation of irrigation districts. Georgiou and Papamichail [10] aimed to determine optimal irrigation allocation and cropping pattern for multicrops. Prasad et al. 2012 [11] developed a real-time reservoir release decision. Among these studies, crop yield was critical data for decision objective. There were two ways to determine crop yield: (1) estimated by average production per unit area or per cube water [12] and (2) calculated through water production function [6, 11, 13] .
However, in real-world problem the source of water could be groundwater and surface (reservoir) water. Then the problem becomes more complicated to identify the most efficient strategies for the whole system. Reichard [14] applied a stochastic simulation optimization model for Santa ClaraCallcguas Basin surface water-groundwater management. Vedula et al. [13] optimized multicrop water allocation for a reservoir-canal-aquifer system considering intraseasonal period. As discussed above, previous researchers just considered two issues among reservoirs operation, irrigation district, ecological water requirement, and surface watergroundwater conjunctive use. To approach the real situation, an integrated water allocation model related to these issues was considered.
Another difficulty in the whole system was the uncertainties, including natural factors and human triggers. Uncertainties in reservoir and irrigation system caused by river inflows and crops requirement had been discussed from different aspects [1, [15] [16] [17] [18] . Karamouz and Vasiliadis [15] forecasted the stream flows by Bayesian stochastic dynamic programing (BSDP) with different conditional probabilities. Teegavarapu and Simonovic [16] handled the imprecise loss function for short time reservoirs operation under fuzzy environment. Seifi and Hipel [19] presented a stochastic model to deal with the stochasticity of inflows under multiple inflow scenarios. Chang et al. [18] combined grey system with fuzzy stochastic dynamic programming. Although uncertainty was considered, the reliability of satisfying (or risk of violating) cannot be reflected. Then Azaiez et al. [20] applied chance constraint to explain the potential benefits of groundwater saving.
But these methods cannot handle dual uncertainties presented as linkage between fuzzy and probability distribution. To handle this problem, Guo and Huang [21] developed a two-stage fuzzy chance-constraint programming for water resources management. In a similar fashion, if adequate samples of historic reservoir inflow date were obtained, then different reservoir inflow levels distributed as randomness distribution. If the total reservoir release water cannot be met, chance-constraint programming can be applied to obtain the expected net benefits [22] . Nevertheless, in the progress of RO, alternations were made by decision makers with different goals; probabilities of different inflow levels could not exactly reflect randomness of inflows alone [23] . Thus, the probabilities may own the fuzzy information based on the decision maker's judgment, leading to fuzzy stochastic characteristic.
In this paper, an optimization model for deficient irrigation water allocation under uncertainties was developed.
The model is combined with ground-surface water joint-use model, monthly reservoirs operation model, and multicrop irrigation model. Fuzzy stochastic characteristic was represented as fuzzy probability, reflecting the risk of reservoir release water and necessity of dominance (ND) was considered to illustrate it. Reservoir water and groundwater were integrated as interactive resources for both irrigation districts and ecological water. Irrigation water was calculated through Jensen model under deficit irrigation condition.
Model Formulation
The available water resources mainly come from the mountainous runoff in typical inland area of China. According to the characters of water resources of inland river system, as shown in Figure 1 , the watershed can be divided into two parts, runoff formation and disappear areas. Accumulated water flows into mountainous river for water utilization in the plain region. Several reservoirs located mainly in the mountain river and some of the water was used for irrigation, but the rest leaked in the piedmont plain as groundwater recharge. Groundwater was pumped for agricultural irrigation once more and the surplus water needs to meet the ecological water demand of downstream meanwhile. The water resources transformation process leads to efficient water development pattern and the water recycle is improved. However excessive development scale and unreasonable allocation of water resources can cause the overextraction of groundwater and deterioration of the environment.
At present, maximum utilization of water resources is very important because of the shortage of water resources. To optimize water resources considering exploitation and replenishment balance of groundwater for upstream and downstream users, the current study was used to simulate multiperiod reservoirs operation and multicrop irrigation optimization. The objective is to maximize the total crop yields of the entire irrigation districts.
This model can be written as follows and the meanings of parameters are listed in the Nomenclature section. All of variables are nonnegative:
The expected crop yields are estimated by deficit irrigation crop water production function. The water production function can be used to tackle the irrigation management. We divide the crop planting stages into monthly periods. The crop's monthly water consumption is the decision variable in the model. The deficit irrigation Jensen model [24] is introduced to reflect crop yields linked to sensitivity of water shortage. Sufficient water requirement of crop can lead to maximum crop yields, and water deficit in different stages may reduce the actual crop production in different degrees. Subject to: Avoiding large water deficit during the period of crop water consumption and not exceeding maximum evapotranspiration constraints,
Considering the balance equation of the reservoirs located in the mountain pass of the rivers,
Reservoirs overflow constraint is expressed as follows. In each planning time period, accumulated water in the mountainous region flows into the reservoirs. Part of the water is utilized for the irrigation district. If the available storage of reservoir at the end of time period exceeds total effective capacity, the overflow happens. The 0-1 type integer variables are introduced into the model to decide the overflow of the reservoir, 1 for overflow from reservoir occurring and 0 for not occurring. is a fixed bigger number:
Reservoir capacity constraint: the available storage of reservoir is less than the effective capacity of reservoir:
In real-world practical problem, we allow proper violations. The constraint is considered as uncertain inputs. A risk of violating may lead to higher benefit and more reasonable management strategy. It is often difficult to define the precise boundary of the constraint due to the fuzzy decision. With reference to Guo and Huang [21] , the constraint is shown by the following:
Then, we have1
where
is given the cumulative distribution function of and the probability of violating constraint (̃).̃is fuzzy tolerance measures (0 ≤̃≤ 1, = 1, 2, . . . , ), and̃= 1 −̃.
Assume that the fuzzy coefficients are considered trapezoidal fuzzy sets. Thus,1 = (1, 1, 1) = (0.8, 1.0, 1.2), indicating that the risk level of the reservoir storage is represented as fuzzy uncertainty. When the lower bound of the coefficient is calculated, reservoir storage water was at a high risk level:
It meant that the risk level of the reservoir allowable release water distributed as fuzzy stochastic uncertainty. Utilizingcut technique, fuzzy parameter under each -cut level can be included within a closed interval. And it is expressed as necessity of dominance (ND) solutions. Consider
In order to ensure sustainable utilization of reservoir, the available storage of reservoir at the ending time period is requested not to be less than the beginning time period:
Water consumption in the irrigation district consists of agricultural water and nonagricultural water including domestic and industrial water. According to the irrigation district population, livestock, and industrial production, nonagricultural water including water conveyance loss can be estimated.
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Multiplying water withdrawal for agriculture by utilization coefficient of irrigation water is irrigation water requirement:
By combining the rainfall with water consumption of crops in river irrigation district during growing stages net irrigation water requirement is calculated as follows:
Subtracting seepage and evaporation loss reservoirs overflow flows into the downstream. According to the measuring data, the river water loss is large in river irrigation district:
The available water resource is utilized firstly in river irrigation district and water conveyance loss is unavailable, such as seepage and evaporation. Meanwhile seepage loss supplies groundwater to well irrigation district. Recharge of groundwater can be written as
Groundwater exploitation is not taken in river irrigation district. The recharge of groundwater comes from reservoir seepage, river seepage, irrigation seepage, and the lateral groundwater inflow from mountains. , , are groundwater recharge coefficients, respectively. In well irrigation district, groundwater can be regarded as an entire underground reservoir. Through conjunctive use of underground and surface water, the underground water reservoir is mainly supplied from surface water. Groundwater quantity balance can be shown as follows:
, are groundwater recharge coefficients of rivers and agricultural irrigation in well irrigation district.
Similarly, the groundwater is pumped for agricultural and nonagricultural purpose in well irrigation district. Net irrigation water requirement is calculated as follows:
In order to ensure the reasonable exploitation of groundwater, annual exploitation does not exceed allowable amount of groundwater:
After the allocation of water resources in plain region, the rest of the water consists of two parts: the surplus water of rivers and groundwater. Excess underground water overflows for downstream as springs. The surplus water of rivers is written as follows:
is river loss coefficient in well irrigation district. The demand of downstream should be satisfied. So the surplus water should be more than the minimum ecological water demand:
The model reflects the characteristics of water resources repetitive transformation in typical inland rivers irrigation system. Multiperiod reservoirs operation and multicrop irrigation optimization is reflected under water allocation and conjunctive use of ground and surface water.
Case Study
Shiyang River Basin (101 ∘ 41 ∼104 ∘ 16 E, 36 ∘ 29 ∼39 ∘ 27 N) is located in arid and semiarid region in Gansu province, northwest of China, which is a typical inland river basin in Hexi Corridor with an annual precipitation of 150-300 mm and potential evaporation of 1200-2000 mm. Water resources in the basin are scarce and have been overused so that a series of ecological environment problems occurred. As shown in Figure 2 , the watershed can be divided into three separate river systems according to hydrogeological units: Dajing River, six rivers, and Xida River. In the six rivers system, there are two main basins, Wuwei and Minqin basins. Wuwei Basin was selected as the study area to illustrate the monthly reservoirs operation for multicrop irrigation optimization model under dual uncertainties.
The major water supply of the study area originates from the southern part of the Qilian Mountain and there are six tributaries of the Shiyang River, that is, the Gulang, Huangyang, Zamu, Jinta, Xiying, and Donghe rivers. Some reservoirs are built to regulate water resources in the mountain pass of the rivers except Zamu River. There are six river irrigation districts corresponding to the six rivers, respectively: Gulang (GL), Huangyang (HY), Zamu (ZM), Jinta (JT), Xiying (XY), and Donghe (DH) irrigation districts which are located in the south of Wuwei Basin. The available water resource is utilized in river irrigation districts and flows into the northern well irrigation districts. There are four well irrigation districts in the north of the basin: Qingyuan The dynamic transformation of water resources in river basin complicates the water cycle process. The extensive agriculture development and improper water resources allocation lead to environmental deterioration. The research of Shiyang River Basin water resources transformation was significant to provide decision support for local irrigation managements and agricultural producers.
Because of lower precipitation and higher evaporation, runoff generation is different in Wuwei Basin. The basic water demand of crop growth may not be met. Mountainous runoff is the main source for the crop irrigation. Figure 3 shows the comparison of precipitation and reference crop evapotranspiration (ET 0 ). ET 0 is only related to local meteorological conditions. ET 0 and crop coefficients will be adapted to estimate crop water requirement which is the foundation of irrigation water management. Long-term average annual precipitation is 176 mm while long-term average annual ET 0 is 1008 mm: however, crop water requirement is larger than ET 0 .
As mentioned above, mountainous runoff allocation is a critical factor for entire irrigation districts benefits. Runoff statistical study is used to analyze the data from 1955 to 2009 and the six rivers monthly runoff of 2000 ( = 50%) as shown in Table 1 is selected as the model inflow data.
The reservoirs total effective storages in the mountainous pass of rivers are 14520, 56440, 16260, 24000, and 80000 × 10 3 m 3 corresponding to Gulang, Huangyang, Jinta, Xiying, and Donghe. The annual losses of the reservoirs are approximately 900, 3300, 1000, 3300, and 2400 × 10 3 m 3 , respectively. In the model, the reservoir is not built on Zamu river, when = 4, and is equal to zero. Beside irrigation district water withdrawal the mountainous runoff flows into 
Irrigation district water withdrawal covers agricultural and nonagricultural purposes, and crop irrigation water is the majority of the agricultural water. The main planting crops in these irrigation districts are wheat, maize, potato, flax, and melon. Growing periods of main crops last from March to September. Irrigated crop area of each irrigation district is shown in Table 2 . The present irrigation method is a traditional model that manages surface irrigation to meet the high yield crop irrigation water requirement which leads to unreasonable water allocation between upstream and downstream users. Because of the scarcity of water resources, deficit irrigation is necessary in the study area. The Jensen model has been 6 Journal of Applied Mathematics more widely adopted for deficit irrigation water production function which is a crop production stage water consumption model and can be used to calculate staged irrigation water. Crop yield calculation method by Jensen model has the following expression:
is sensitivity index of crop to water deficit. ET and ET are staged actual evapotranspiration and maximum evapotranspiration. max is maximum crop yield under sufficient irrigation water condition and it can be obtained by water production function in the whole stages. The previous researchers have provided a large number of experimental data and fitted water production function to estimate max , which usually is shown as the following: [26] provides a method of estimating crop sensitivity to water deficiency at given time intervals. However, relevant study is not reported in the study area. The Jensen model is fitted in monthly interval in keeping up with the optimization model as shown in Table 3 . Effective rainfall in example year is 5.7 mm, 0 mm, 62 mm, 9.3 mm, 33.3 mm, and 18.6 mm corresponding to the period from April to September.
Annual nonagricultural water consumption in the model is estimated through the irrigation district population, livestock, and industrial production which are shown in Table 4 .
Parameter determination is important for the optimization results. According to Comprehensive Planning of Shiyang River Basin (2007) , utilization coefficient of irrigation water of river irrigation area is 0.65 in Gulang irrigation district, 0.58 in Xiying irrigation district, and 0.54 in Huangyang, Zamu, Jinta, and Donghe irrigation districts; utilization coefficient of irrigation water of well irrigation area is 0.6.
The water of each tributary flows together into Shiyang River minus evaporation and leakage loss. River flow in northern Wuwei Basin is low due to severe leakage. According to the investigation, we take 0.667 for the value of leakage rate.
Complement between the surface water and underground water is obvious in the basin.
Groundwater is not pumped in southern Wuwei Basin. Considering the underground aquifer as a whole groundwater reservoir, sources of its supply are reservoir seepage, river seepage, irrigation seepage, and the lateral groundwater inflow. Under low rainfall and deep groundwater level, groundwater is scarcely recharged by the rainfall according to Ma et al. [27] . Rainfall seepage is ignored in the model. The quantity of groundwater supply is calculated by recharged coefficients. Qu et al. [28] estimate reservoir seepage and river seepage recharged coefficients as 0.85 and irrigation seepage as 0.8.
Calculation results of Yao et al. [29] show that the lateral groundwater inflow is 136 × 10 6 m 3 and the lateral groundwater outflow is 254 × 10 6 m 3 . To ensure reasonable water allocation between upstream and downstream users, according to local planning, the available groundwater mining is controlled below 319 × 10 6 m 3 and minimum downstream water requirement is not less than 218 × 10 6 m 3 under local planning requirements.
Results Analysis

Multicrop Deficit Irrigation Management.
Deficit irrigation could result in the lower crop yields and reduce the net benefits of the irrigation district. However, it is unavoidable because of water resources shortage. The relation between sensitivity of water deficit and crop water use efficiency was studied through the use of Jensen model. According to the calculation results of optimal decisionmaking model, deficit irrigation proportions of the five crops in the whole growth stage in river irrigation district are 0.61, 0.84, 0.71, 0.60, and 0.68, respectively, and in well irrigation district the values are 0.76, 1.00, 1.00, 0.94, and 0.60. It indicates that deficit irrigation should be adopted primarily in river irrigation district.
The optimization model can reach crop water requirement in each irrigation interval. As shown in Figure 4 , the priority deficit irrigation crops are melon and wheat in well irrigation district. ET is monthly optimal crop water requirements and ET is monthly potential crop water requirements. The results can provide multiperiod deficit irrigation management for the agricultural producers. 
Monthly Reservoirs Operation.
In the monthly multicrop irrigation system, water resource is mainly obtained from the mountain river. Reservoirs regulation is significant for the water utilization. Reservoirs release and overflow management can be determined by the model. The nonagricultural water demand of each irrigation district among time periods is even, but the primary part of agriculture water demand depends on the crop area and growing periods of crop. Total annual runoff of the six rivers is 1145.9 × 10 6 m 3 and real-time multireservoirs release can be shown in Figure 5 . Agricultural water consumption takes most rates in water consumption structure. The maximum water demand occurs in June. Water withdrawal is closely related to irrigation area of each reservoir water-supply zone. The total annual water withdrawal from reservoir is 665.74 × 10 6 m 3 . To avoid the occurrence of shortage and overflow at the same time period, overflow would not happen unless the reservoir is full storage. Figure 6 shows the real-time reservoirs overflow. Overflow occurred in the period from August to October when irrigation water demand decreased and monthly runoff was still high. The annual reservoirs overflow is 154.51 × 10 6 m 3 . It indicates that mountainous runoff is utilized by river irrigation district. The maximum annual overflow is from Xiying Reservoir with 124.24 × 10 6 m 3 , and the minimum overflow is from Huangyang
Reservoir with 0.21 × 10 6 m 3 .
Recharge Relationship between Surface
Water and Underground Water. Wuwei Basin is a typical inland river basin; conjunctive use of surface water and underground water is necessary to the arid irrigation area. To be more efficient in the groundwater management, managers should try to realize recharge relationship between surface water and underground water and determine the available underground water.
In the model, underground water is pumped in the well irrigation district and supply from reservoir seepage, river seepage, irrigation seepage, and the lateral groundwater inflow in the southern basin. Figure 7 shows the monthly groundwater recharge of the basin. As a result of conjunctive use of surface water and groundwater optimization model, the groundwater use in each well irrigation district can be listed in Figure 8 , in order to provide decision support for local irrigation management. The major groundwater exploitation is from April to August. Groundwater quantity balance is considered in the model. Groundwater exploitation is less than groundwater recharge, and annual exploitation does not exceed allowable amount of groundwater.
Fuzzy Stochastic Uncertainty.
In real-world practical problem, reservoir capacity is not considered as strictly determinate numbers, and the failure of the constraint is allowed. So the chance-constraint programming is considered to analyse the uncertain constraint of the failure of the limitation of the total reservoir capacity. Proper violation under different risks is studied in the model, which provides selectable management strategies for the decision makers. Necessity of dominance (ND) solutions under three -cut levels are calculated.
As shown in Figure 9 , the lower -cut level leads to higher total crop yield. It means that reservoir capacity constraint is loose under lower -cut level and higher violation risk leads to larger system benefit.
In this model, the right hand of the reservoir capacity constraint is allowed to change under the given probabilities. As shown in Figure 10 , water supply from reservoirs is 0.668 × 10 9 m 3 ( = 0.2) and the corresponding figure is 0.660 × 10 9 m 3 ( = 0.75), while water overflow from reservoirs experiences the opposite change.
Conclusions
In this study, a multicrop irrigation water resources optimization model based on Jensen water production function model for real-time reservoirs operation is proposed. The objective of the model is to achieve the maximum benefit of irrigation areas, considering water stress level of crops and the dynamic characteristic in the irrigation water resources optimal allocation system. The proposed model can provide decision makers with different irrigation water optimal staged allocation schedules (conjunctive of surface water and groundwater) of upstream and downstream and agricultural and nonagricultural water resources, and so forth.
Considering the uncertainties of irrigation water resources management system, fuzzy chance-constraint programming is introduced to the developed model. Necessity of dominance (ND) is adopted to solve fuzzy chance-constraint program, with the membership function of both fuzzy parameters and probabilities being a triangular fuzzy membership function in this study.
The developed model has been applied to Shiyang River Basin, China, to demonstrate the applicability of the developed model. The limited water resources supply, that is, monthly runoff and effective precipitation, the conjunctive use of surface water and groundwater, and the ecological water demand of downstream are considered. As a result, the irrigation water resources optimal allocation schedules for multiple crops of multiple periods of reservoirs operation under different -cut levels are obtained and analyzed. Such results are valuable for local irrigation managements and agricultural producers. Further study will focus on field measurement experiments of some parameters, for example, utilization coefficient of irrigation water, seepage recharged coefficients, and river leakage rate to make the developed model have more practical value. 
